Recent interest in human dynamics has stimulated the investigation of the stochastic processes that explain human behaviour in various contexts, such as mobile phone networks and social media. In this paper, we extend the stochastic urn-based model proposed in [FLL15] so that it can generate mixture models, in particular, a mixture of exponential distributions. The model is designed to capture the dynamics of survival analysis, traditionally employed in clinical trials, reliability analysis in engineering, and more recently in the analysis of large data sets recording human dynamics. The mixture modelling approach, which is relatively simple and well understood, is very effective in capturing heterogeneity in data. We provide empirical evidence for the validity of the model, using a data set of popular search engine queries collected over a period of 114 months. We show that the survival function of these queries is closely matched by the exponential mixture solution for our model.
1 Introduction statistical physics to investigate social phenomena and political behaviour. This methodology often involves the empirical investigation of collective choice dynamics, resulting in the formation of statistical laws governing, for example, how the popularity of movies emerges from social behaviour. In this context, we have recently modelled the survival of search engine queries in the top-10 list of the most popular queries that users have submitted, as an application of human dynamics [FLL15] ; see [TdFA14] for attempts to predict the future popularity of online content.
Survival analysis [Law03, KK12] provides statistical methods to estimate the time until an event occurs, known as the survival or failure time. Typically, an event in a survival model is referred to as a failure, since it often has negative connotations, such as mortality or the contraction of a disease, although it could, in principle, also be positive, such as the time to return to work or to recover from a disease. In the context of email communication mentioned above, an event might be a reply to an email; in the context of popular queries, an event might be dropping out of the top-10 most popular queries. Traditional applications of survival analysis are in clinical trials [FL00] , and in understanding the mechanisms in biological ageing [GG01] . The methods used in survival analysis overlap with those used in engineering for reliability life data analysis [Fin08, OK12] . Reliability analysis in engineering has many applications, for example, in manufacturing processes, and in software design and testing. However, one can envisage that survival analysis would find application in newer human dynamics scenarios in complex systems, such as those arising in social and communication networks [Bar05, CGW + 08, MAAJ13].
We have been particularly interested in formulating generative models in the form of stochastic processes by which complex systems evolve and give rise to power laws or other distributions [FLL07, FLL12, FLL15] . This type of research builds on the early work of Simon [Sim55] , and the more recent work of Barabási's group [AB02] and other researchers [BSV07] . In the context of human dynamics, the priority queue model mentioned above [Bar05] is a generative model characterised by a heavy-tailed distribution.
In the bigger picture, one can view the goal of such research as being similar to that of social mechanisms [HS98] , which looks into the processes, or mechanisms, that can explain observed social phenomena. Using an example given in [Sch98] , the growth in the sales of a book can be explained by the well-known logistic growth model [TW02] , and more recently we have shown that the process of conference registration with an early bird deadline can be modelled by bi-logistic growth [FLL13] . Such research can also be grounded within the field of sociophysics, mentioned above, where critical phenomena are important in demonstrating how the transition to global behaviour can emerge from the interactions of many individuals. The individuals may be neurons, as in [LAE + 12], where criticality emerges as neuron cooperation, or people's decisions, as in [PS10] , where the popularity of movies emerges as collective choice behaviour.
In this work we build on the generative model proposed in [FLL15] , which captures the essential dynamics of survival analysis applications. In the urn-based model presented in [FLL15] , the actors are called balls, and a ball being present in urn i , the ith urn, indicates that the actor represented by the ball has so far survived for i time steps. An actor could, for example, be a subject in a clinical trial, an email that has not yet been replied to, or an ongoing phone call. As a simplification, we assume that time is discrete and that, at any given time, a single ball may join the system with a fixed birth probability. In addition, existing balls in the system may be discarded, i.e. one or more mortality (or death) events may occur, according to some specified mortality function, which may take a general form. It is evident that, at any given time t, we may have at most one ball in urn i , for all i ≤ t.
The probability that, after t steps of the stochastic process outlined above, there is a surviving ball in urn i is known as the survival function [KK12] . In the context of a medical study, this could represent the probability that a patient survives for longer than a specified time. In [FLL15] we have shown how the survival function depends on the mortality function. Two important cases are: (1) when the mortality function is constant then the survival function follows an exponential distribution, and (2) when the mortality function follows a power-law distribution then the survival function follows a Weibull distribution [Rin09] ; the latter is often applied to the modelling of life data (also known as survival data, time to event data, or time to failure data) [KK12, OK12] .
It is interesting to observe that the distribution of the survival function has two parameters, i and t, cf. [FLL12] , whereas most previously studied generative stochastic models [AB02] , including those in our previous work, for example [FLL07] , result in steady state distributions that are asymptotic in t to a distribution with a single parameter i.
Exponential mixture models [MP00] have been exploited in survival analysis in a variety of applications, as mentioned in Section 2 below. Moreover, it has been shown that the survival function of an exponential mixture model has a decreasing failure rate [BJ97, Fin09] , which was first observed in [Pro63] in the context of air-conditioning systems for a fleet of airplanes. To generate exponential mixtures, in Section 3, we extend the urn-based stochastic process of [FLL15] by adding a first step of tossing a biased coin to decide which of two processes becomes active; although the extension is defined for a mixture of two exponentials, it extends naturally to a mixture of several exponentials. We provide empirical evidence for the validity of the model by analysing the longitudinal data set of popular search engine queries over 114 months that we used in [FLL15] . We show that the survival function of these queries closely follows the distribution generated by our model. The rest of the paper is organised as follows. In Section 2, we review mixture models in the context of survival data analysis. In Section 3, we present our stochastic urn-based model that provides us with a mechanism to model the mixture of exponential distributions. In Section 4, we apply the model to the survival of popular search engine queries posted on Google Trends (www.google.com/trends/hottrends). Finally, in Section 5, we give our concluding remarks.
Mixture models for Failure Time Analysis
Lifetime analysis, also referred to as survival time analysis or failure time analysis [Law03] , has a long history of exploiting mixture models [MP00] , in particular exponential mixture models, in a variety of applications. Examples of areas where exponential mixtures have been employed for lifetime analysis modelling are: the reliability of system components [Pro63] , network performance [FW98] , actuarial losses [Kea99] , reliability engineering [Fin09] , and the likelihood of volcanic eruption [MD09] .
The application we consider in Section 4, in the context of survival analysis, is that of predicting the duration of the popularity of search engine queries. We note that this is related to the problem of predicting the popularity of movies [PS10] or online content [TdFA14] . Mixture models are a natural tool for modelling such applications as they are very effective in capturing heterogeneity. In particular, when considering the popularity of queries, a mixture model can differentiate between two types of queries: ones that are very popular for a short period of time and others whose popularity lasts much longer; such an observation has already been made in the context of the popularity of movies [PS10] .
The survival function S(θ) represents the probability that an actor survives for longer than a specified time θ. Here we restrict ourselves to a mixture of two exponential survival functions, noting that this can readily be extended to a mixture of more than two such functions. The mixture rates of the distribution, p 1 and p 2 , sum to one, and the mortality rates, λ 1 and λ 2 , of the mixture model (also known as the failure rates) are constants. These define a discrete hazard function [BG03] , i.e. the conditional probability that a failure occurs at a specified time instant given that no failure occurred previously. We therefore define the mixture survival function S(θ) as
where
The mortality rate of the mixture model [Fin09] is now given by
where the time-dependent probabilities π k are defined as
In [BJ97, Fin09] it was shown that the mortality rate λ(θ) of the mixture model is decreasing in θ. Moreover, if we assume that λ 1 ≤ λ 2 , then λ(θ)/λ 1 converges to 1 as θ tends to infinity; this is referred to in the literature as a decreasing failure rate.
For comparison purposes, we will also make use of the Weibull survival function considered in [FLL15] , with shape parameter ρ and scale parameter γ, which is given by
It is important to note that, when the shape parameter satisfies −1 < ρ < 0, then it can be expressed as a mixture of exponentials, since it is a completely monotone function [Jew82, FW98] ; see [Fel71] for the underlying theory.
An Evolutionary Urn Transfer Model
We next formalise a stochastic urn model based on the survival model for human dynamics introduced in [FLL15] , in order to generate the mixture of two exponential distributions. This is done by first generating a mixture distribution by tossing a coin with mixture probabilities p 1 and p 2 , where p 1 + p 2 = 1, to decide which process is active, and then employing a constant mortality rate parameter λ k in order to generate an exponential distribution, as in [FLL15] . We note that this mechanism extends naturally to a mixture of more than two exponentials by deploying a multi-sided "coin".
We assume a countable number of urns, urn 0 , urn 1 , . . . , where a ball (or actor) in urn i is said to be of age i. Initially, all the urns are empty. At the start of the stochastic process, we toss the coin, as described above, to decide which of two processes will be active. From then on, at any time t, t ≥ 0, a new ball may be born, with probability b, and any such new ball is inserted into urn 0 ; in addition, an existing ball of age i can die by being discarded from urn i , for all i > 0.
For a given age i and time t, we let the mortality rate µ k (i, t) be the probability that a ball in urn i dies at time t, where k = 1 or 2 depending on which process is active. We always require that µ k (0, t) = 0 for all t, and that µ k (i, t) = λ k for i > 0, where λ k is a constant, satisfying 0 < λ k < 1.
At time t, the stochastic process then proceeds as follows in order to obtain the configuration at time t + 1, where t ≥ 0.
(i) For each i, 1 ≤ i ≤ t, if urn i is non-empty then, with probability µ k (i, t) = λ k , a mortality event occurs, i.e. the ball in urn i is discarded.
(ii) Next, the ages of all balls remaining in the system are incremented by 1, i.e. a ball in urn i is moved to urn i+1 , for each i.
(iii) Finally, with probability b, where 0 < b < 1, a birth event occurs, i.e. a ball is inserted into urn 0 .
We observe that, at any time t, urn i is empty for i > t. Note that we are assuming that the mortality rate is constant, i.e. µ k (i, t) = λ k , which leads to the survival function of an exponential distribution, as was shown in [FLL15] . However, in principle, the mortality rate could be an arbitrary function, for example, power-law mortality leads to the survival function of a Weibull distribution. Note also that we are using a single birth probability b, rather than one for each process, since, as can be seen from (7) below, b is merely a scaling factor. It follows that having different values for b for the two processes is equivalent to adjusting the mixture probabilities.
We now let F k (i, t) ≥ 0, with k = 1 or 2, be a discrete function denoting the probability that there is a ball in urn i at time t, given that process k is active. Initially, we set F k (0, 0) = b and F k (i, 0) = 0 for all i > 0.
The dynamics of the model are captured by the following two equations, where we assume that k = 1 or 2 according to the outcome of the coin toss:
and
We can expand (6) to obtain
Using the approximation ln(1 − x) ≈ −x, which holds for small x, we see that the distribution is approximately exponential:
We note that, in (8), we could use the more accurate second order approximation ln(1 − x) ≈ −x − x 2 /2. We now define F (i, t) analogously to F k (i, t) to take into account which of the two processes is active, i.e.
This yields the initial conditions F (0, 0) = b, F (i, 0) = 0 for all i > 0, and also F (0, t) = b for t ≥ 0. Similarly, from (7) and (8) for 0 ≤ i ≤ t, we obtain the exponential mixture:
We note that, as mentioned in the beginning of this section, the model can be extended to more than two components; in this case the sums in (9) would have the appropriate number of terms.
Application of the Mixture Model
In the context of human dynamics, survival analysis has recently been applied to large data sets. These include the analysis of phone call durations [VAFL10] , the investigation of how long Wikipedia editors remain active [ZPL12] , and for predicting the likelihood of online content to become popular [LMS12] .
The survival function S(θ) introduced in Section 2 is usually estimated via a step function by computing the probability that an actor survives until time θ, for θ = 1, 2, . . . , t; this step function is known as the Kaplan-Meier estimator [KM58, KK12] . By comparing (7) with the Kaplan-Meier estimators for the survival functions [KM58, equation (2b) ] of the components of the mixture model, these are seen to be analogous to F k (i, t) for k = 1, 2, and an actor that was born at time t − i. We thus obtain
In theory, the survival function S(θ) does not depend on the length t of the trial. However, in practice, the Kaplan-Meier estimate will be more accurate for longer trials. Nevertheless, this estimate is more accurate when most of the actors are still present in the study, since the estimate may be inaccurate when there are only a few actors remaining [RNP + 10].
As as a proof of concept for the exponential mixture model, we analysed the survival of queries in the top-10 Google Trends "hot searches" (www.google.com/trends/hottrends), that we used in [FLL15] . Data was collected monthly for the top-10 "hot searches" over 114 Table 1 . It is apparent from this statistic that the top-10 queries from Shopping change the least, while those from Entertainment change the most.
In this data set, the balls are top-10 queries, a mortality event occurs when a query leaves the top-10 in a given month, and a birth event occurs when a new query joins the top-10 in a given month (note that time is discrete and is measured in months). As we are considering an exponential mixture model with constant mortality for each component, queries leave the top-10 according to (2).
We next outline the methodology we have used to validate and evaluate the stochastic urn model presented in Section 3. We then give further details, before discussing and analysing the results.
(I) First, to obtain estimates of p 1 , λ 1 and λ 2 , we performed nonlinear regression to the right-hand side of (9) using the Kaplan-Meier estimates computed from the raw data, for i = 1, 2, . . . , 114.
(II) We used the estimates of p 1 , λ 1 and λ 2 from (I) to compute, for each i, the right-hand side of (9); we call this the mixture data. We then repeated the nonlinear regression using the mixture data as a quick "sanity check" that the new values of p 1 , λ 1 and λ 2 obtained were consistent with those from (I).
(III) Next we ran simulations using the parameters p 1 , λ 1 and λ 2 from (I), and b = 0.9. Using the averaged values of F (i, t) from the simulations, we again repeated the nonlinear regression to obtain new values for p 1 , λ 1 and λ 2 ; these were compared with those from (I) for consistency.
(IV) We computed the D values for Kolmogorov-Smirnov tests to ascertain whether the Kaplan-Meier estimates, the mixture data and the averaged simulation data are likely to have all come from the same distribution.
We first obtained the Kaplan-Meier estimates from the raw data sets for the six individual categories and for their aggregation (All Categories). Recalling that the survival function is approximated as in (10), following (I), we used Matlab to obtain estimates for p 1 , λ 1 and λ 2 by nonlinear least-squares regression of S(i) on i for fitting the right-hand side of (9), for i = 1, 2, . . . , 114. The estimated parameters p 1 , λ 1 and λ 2 are shown in the rows of Table 2 , together with the coefficient of determination R 2 [Mot95] ; the R 2 values show a very good fit for all of the categories. Nonlinear regression using the mixture data values computed from the right-hand side of (9), as in (II), yielded almost perfect fits, as expected.
To test the validity of the model, as in (III), we then carried out simulations in Matlab of the stochastic urn transfer model using the values of p 1 , λ 1 and λ 2 from Table 2. We chose Table 2 : Nonlinear least-squares regression to a mixture of exponentials using the KaplanMeier estimates.
the value b = 0.9 for all simulations, after running some sample simulations with other values of b. The value of b is not critical since, as can be seen from (9), b is merely a scaling factor. The simulations were run for 114 steps, one for each month, for each of the categories, and this was repeated 10 6 times. For each category, we then calculated the average value of F (i, t) for i = 1, 2, . . . , t, over the 10 6 runs. Repeating the nonlinear regression using these average values gave the results shown in Table 3 . Comparing Table 3 with Table 2 shows that all the values of p 1 , λ 1 and λ 2 are very close. Moreover, the very high values for R 2 confirm the validity of (9) as the solution to our model. Table 3 : Nonlinear least-squares regression to a mixture of exponentials using the simulated data with p, λ 1 and λ 2 taken from Table 2 .
To compare the Kaplan-Meier estimates, the mixture data and the averaged simulation data, as in (IV), we performed three Kolmogorov-Smirnov 2-sample 2-tailed tests, as described in Section 6.6.4 of [SC88] . Taking the null hypothesis to be that the Kaplan-Meier estimates, the mixture data and the averaged simulation data all come from the same population distribution, the critical value at significance level α = 0.05 is 0.1801 for a sample of 114 (number of months). The D values for the three pairwise tests are shown in Table 4 . It can be seen that, in all cases, the values of the test statistic D are well below the critical value. Hence, we cannot reject the null hypothesis at significance level α = 0.05. The values in the Sim-Mix column show that the distributions of the mixture data and averaged simulation data are extremely close, which is unsurprising since these are both derived directly from our model. We note that, even at significance level α = 0.10, where the critical value is 0.1616, the null hypothesis cannot be rejected. In [FLL15] , we used nonlinear least-squares regression to fit Weibull survival functions to the Kaplan-Meier estimates. The estimates obtained for the parameters γ and ρ are shown in Table 5 , taken from [FLL15] . We note that the shape parameters ρ satisfy −1 < ρ < 0, which, as mentioned at the end of Section 2, implies that the Weibull survival functions can be expressed as mixtures of exponentials. In order to compare our approximation by exponential mixtures with the Weibull survival functions obtained in [FLL15] , we used least-squares curve fitting to fit Weibulls (4) to the exponential mixtures obtained from (9) and (10), using the parameters from Table 2 , in a similar manner to [JG10] . The estimated parameters γ and ρ are shown in Table 6 , together with R 2 . It can be seen that these estimates are very close to those in Table 5 Finally, we note from Table 2 that λ 1 is significantly smaller than λ 2 . It therefore follows, from the comment made after (3) regarding the decreasing failure rate, that a substantial number of queries are popular for a short duration, because λ 2 is large, while the popularity of others lasts for much longer, because λ 1 is small. We note that a similar observation, in the context of the popularity of movies, was made in [PS10] . In particular, for the Google Trends data set, about 40% of the queries survive for only a single month.
Concluding Remarks
In this paper, we propose a stochastic evolutionary urn-based model that can be applied to survival analysis scenarios in the context of human dynamics. In our model, actors survive Table 6 : Least-squares curve fitting of Weibulls to the exponential mixture survival functions.
in the system until they die and leave the system according to a constant mortality rate. A solution to the equations describing the model was obtained in (9), and it was seen that this solution is approximately an exponential mixture. We then successfully applied our model to data on the survival of popular search engine queries. It is also potentially applicable to other data sets relating to human behaviour.
One important problem to be addressed is how to choose the number of components in the mixture model. As discussed in [MP00, Chapter 6], several methods have been suggested to obtain a parsimonious model. Among these, a number of prominent methods are based on maximising a penalised log-likelihood function.
Generative models, like the one presented here, have the potential to explain observed social phenomena and, more specifically, social mechanisms and the emergence of collective behaviour, as discussed in the introduction. They allow us to gain insight into the underlying processes; in addition, they may be useful for more accurate prediction of, for example, online content, as discussed in [TdFA14] . With regards to our theme of human dynamics [CFL09] , our stochastic mixture urn model contributes to a better understanding of collective phenomena, such as popularity, and how such global behaviour emerges from the decisions of individuals from whom the statistics have been collected. Another possible avenue for investigation is to consider other distribution mixtures, such as finite Weibull mixture models (see [BNF04] , where it is argued that the reliability of a system can be suitably modelled by a Weibull mixture model).
